
 

 

 

MATHEMATICS WITHOUT BORDERS  

2015-2016 

 

 

AUTUMN 2015: GROUP 9  

 

Problem 1. Which of the following is the largest number? 

A)  √  B)  √  C)  √  D)   √  

 

Problem 2. Find the missing number in the equation  

  

  
 √

  

 
 

A) 25 B) 45 C) 90 D) 135 

 

Problem 3. The number of rational numbers in the sequence √  √  √    √    √     is:  

A) 31 B) 16 C) 450  D) 225 

 

Problem 4. In the rectangular triangle     , the hypotenuse     √     and         . The 

area of the triangle is: 

A)       B)  √      C)  √      D)  √      

 

Problem 5. If   √     and    √   , then the value of (   | |)(  | |) is: 

А)      B) 2 C) √  D)- √  

 

Problem 6. A polygon has more than 100 diagonals. The number of its sides is at least: 

А) 15 B) 16 C) 17 D) 18 

 

 



Problem 7. When solving the same quadratic equation, three students got different roots: 

The first student got the numbers 1 and 2 as roots; 

The second student - 2 and 3; 

The third student - 3 and 4. 

It turned out that each student got exactly one root of the equation right. 

If the roots are   и   , then  (  –   )  is: 

A) 1 B) 2 C) 4 D) 9 

 

Problem 8. The numbers a  and b are such that the expression                   

has the smallest value possible. The value is: 

A)     B) 1  C) 5 D)    

 

Problem 9. A rectangle is divided by two intersecting lines parallel to its sides. Four smaller 

rectangles are formed, three of which have areas of        and    . (see the diagram) Find the smallest 

possible value of the area of the fourth rectangle if          . 

 

А) 
𝑆1×𝑆2

𝑆3
 B) 

𝑆1×𝑆3

𝑆2
 C) 

𝑆2×𝑆3

𝑆1
  D) other  

 

Problem 10. How many are the natural numbers n, for which the number  
    

   
 is also a natural 

number? 

А) 0 B) 1 C) 2 D) 3 

 

Problem 11. If (  √ ) × (√    )   , what is the maximum value for √    ? 

 

Problem 12. What is the largest possible number of acute angles in a convex hexagon? 

 



Problem 13.  In trapezoid      (            )   is the length of its leg AD and   is the 

distance from the midpoint of AB to the leg AD (see the diagram). If АВ:DC=3:2, express the area of 

the trapezoid in terms of a and b.  

 

Problem 14. How many are the integers smaller than 2015, which can be represented as a sum of four 

consecutive integers? 

Problem 15. What is the greatest number of cells 1x1 you can paint in a 11x11 square drawn on graph 

paper, so that no one box 2x2 did not have three of painted cells?  

 

Problem 16. Find the integer  , if √    √    √    √      

 

Problem 17. The point D is of the median CM of the triangle ABC and it is such that СD=DM. If the 

point E is an intersection of the straight line AD and the side BC, determine CE:CB.  

 

Problem 18. For which prime numbers   and   the roots of the equation 

               are integers? 

Problem 19. How many natural numbers are there, that are factors of      ? 

Problem 20. If        +4, express (   )(   )(   )(   )  in terms of y. 

 



ANSWERS AND SHORT SOLUTIONS 

 

Problem Answer Solution 

1 D If we compare the numbers 

√   √   √   √    

we will find that the greatest of them is √    √   

2 D   

 
 

 

 
  the number we are looking for is 135. 

3 B The numbers are √  √  √     √    √   . They are as many as the 

odd numbers 1, 3, 5, ..., 29, 31. The odd numbers from 1 to 31 inclusive, 

are 16. 

 

4 A Let us assume that СН and СМ are respectively the height and the 

median of the side АВ. In the rectangular   СНМ           

    
 

 
×    √ . The area of the triangle is equal to  

  
  ×   

 
    

5 A От   √    <0 и    √       

    | |              | |          

 (   | |)(  | |)          

6 B The number of diagonals of a polygon with N angles can be determined 

by using the formula  
 ×(   )

 
  By carrying out a check, we will find that 

  ×  

 
         

  ×  

 
        . Therefore the polygon has 16 

angles. 

7 C The roots are either 1 and 3, or 2 and 4. Therefore the value we are 

looking for is 4. 

8 B                  
  2   2            

 
  = 

 
 

 
× ((   )  (   )  (   ) )      

The conclusion is a classic example:  

                   

 
 

 
× ( (   )  (   )  (   ) )    



9 B If we mark the areas of the 4 rectangles with          and   , 

  ×        ×   . 

The smallest area would be  
𝑆1×𝑆2

𝑆3
. 

 

10 C     

   
=3+

 

   
 

 

   
  is an integer for                    

The expression is a natural number  
    

   
only for 3 and 7. 

11 1 (  √ ) × (√    )      √    or √       

    √  or √        

√     {
 

√ × √      
 

12 3 The sum of the angles of a convex hexagon is 720◦ and each of them is 

smaller than 180◦. If 4 of the angles are acute, then the sum of the other 

two would be greater than 360◦, i.e. at least one of them would be 

greater than 180◦ . 

13  

 
   М is the midpoint of АВ.  The area of the triangle AMD is 

  

 
   DM is a 

median in the triangle ABD. Therefore the area of the triangle ВМD is 

  

 
  The area of the triangle АВD is      

The areas of the triangles BCD and АВD are in the same ratio as AB and 

CD. Therefore the area of the triangle ABD would be  
 

 
     The area of 

the trapezium ABCD is 
 

 
  . 

14 502 The sum of  4 consecutive natural numbers is  

  (   )  (   )  (   )       

when divided by 4 leaves a remainder of 2. 

The numbers are 10, 14, 18, ..., 2010, 2014.  

(4 ×      ×        ×        ×       

502 in total. 

15 66 If we paint all odd columns, the number of colored squares would be  

            ⏟          
 

      

 



16 -2 First solution: 

    √   (√    )   и     √   (√    )     

   |√    |  |√    |           . 

Second solution:  If we raise to the second power we will get the 

following result:  

   (√    √    √    √   )      √       С  

                   или     . 

√    √    √    √     <0        

Third solution: 

Apply the following formula: 

√  √  √  √  √    √    . 

17 1:3               

              

М is the midpoint of АВ. Therefore the areas of       and      are 

equal             

If the areas of the triangles ACM and BCM are equal, then 

2F=3S+F F=3S              4S=1:2. 

                  

18 (2;2); 

(2;3); 

(3;2) 

If we apply Viet’s theorem, we will reach the conclusion that if a and b 

are the roots of the equation, then  

(
 

 
 

 

 
) × (

 

 
 

 

 
)    

 

 
 

 

 
    

 

 
 

 

 
 

 

 
 

 

 
    

If a>1 and b>1, then the solution is (2;2).  

If a=1 or b=1 , then the solutions are (3;2) or (2;3). 

19 16        ×  ×    , therefore the natural numbers which are 

divisors are 16.  

20  (   )

   

    

(   )(   )(   )(   )  ((   )(   ))((   )(   ))   

 (       )(       )   (   )        

 

 



 

WINTER 2016: GROUP 9  

 

Problem 1. After we simplify the following expression and rewrite it in simple form, what would the 

coefficient of    be? 

(                  ) × (                  ) 

A)   B)   C)    D) other 

 

Problem 2. If √    ×   is a rational number, what is the smallest natural number N? 

A) 2 B) 7 C) 14 D) 28 

 

Problem 3. How many different integers can be presented as “x” in the following inequality? 

   

√   
   

A) 1 B) 2 C) 3 D) more than  3 

 

Problem 4. Equilateral triangle ABC is inscribed in a circle. Point M is located on the smaller of the 

two arcs AC. How many     angles with vertices A, B, C and M are there on the diagram? 

 

 

 

A) 3 B) 4 C) 5 D) 6 

 

Problem 5. The differences of each two of three natural numbers are different. What is the smallest 

possible sum of these three numbers? 

A) 6 B) 7 C) 8 D) 10 

 

 



Problem 6. What is the remainder after dividing         by 15? 

 A) 0 B) 5 C) 10 D) 15 

 

Problem 7. If   and   are the real roots of the equation    (   )   , then |   | is equal to: 

A) 5 B) √  C)  √  D)    

 

Problem 8. The integers from 1 to 50 have been written down on 50 cards. What is the minimum 

number of cards that we would need to draw without looking in order to make sure we have drawn at 

least 3 cards with prime numbers on them? 

A) 38 B) 39 C) 40 D) 50 

 

Problem 9. An isosceles triangle has a perimeter of 56 cm, and two of its sides have a ratio of 3:2. 

What is the shortest possible side of the triangle? 

A) 10 cm B) 14 cm C) 16 cm D) 24 cm 

 

Problem 10. How many natural numbers that contain three different digits, one of which is a 

geometric mean of the other two, are there? 

(Hint: If     ×  , a is the geometric mean of b and c.) 

A) 6 B) 12 C) 18 D) 24 

 

Problem 11. If the numbers a, b ∊      √     √   √  , how many ordered pairs of numbers (a, 

b) are there, where either a + b, or a × b are natural numbers? 

 

Problem 12. What is the ones digit of the number equal to the sum of the cubes of the numbers from 1 

to 101?  

 

Problem 13. If ABCD is a square, and the point F is such that the triangle BCF is equilateral, what is 

the greatest possible measure that  AFD can have? 

 

Problem 14. How many proper irreducible fractions are there, whose numerator and denominator are 

natural numbers with a sum of 14?  

 

Problem 15. What is the smallest natural number N for which the product of 13, 17 and N can be 

presented as the product of three consecutive natural numbers? 



 

Problem 16. The angles of the vertices B and C of the triangle ABC are respectively     and    . The 

point M is interior to the triangle and                Calculate       

 

 

 

Problem 17. Calculate A if  
 

 
 

 

 2
 

 

 3
   

 

 2 1 
 

 

 × 2 1 
 

 

    
  

 

Problem 18. Find the values of the parameter a, where the coordinate axes and the straight lines 

       and       form a trapezium.  

 

 

Problem 19. How many integers from 2000 to 2016 are there, that can not be values of the 

discriminant of the quadratic equation with integer coefficients? 

 

Problem 20. On the diagram below you can see an isosceles triangle ABC with an area of         and 

legs AC and BC, each with a length of 10 cm. Point M is on the base AB, and points E and F are feet of 

altitudes from point M to the legs BC and AC. Find the greatest possible value of the product ME ×

 MF.  

 

 

 

 



ANSWERS AND SHORT SOLUTIONS 

 

Problem Answer Solution 

1 А In the simple form of the polynomial 

(                  ) × (                  ), 

we can get the ninth degree from 

    ×       ×       ×      ×     ×      

The coefficient is 0. 

2 C If √    ×   is a rational number, then the number equal to   ×   ×  ×   

must be a perfect square.  

Therefore the exponents must be even numbers and this is possible if N is at 

least 2×7. 

  ×   ×  ×     ×   ×  ×  ×     ×   ×     

3 B    

√   
                    ∊ (      

4 C Just like the angles of the triangle ABC, the angles AMB and BMC are also 

equal to 60 degrees. 

5 B Let us assume that the numbers are 1, 2 and n. In this case the differences are 

         . The smallest value of n is 4. Therefore the sum we are 

looking for is 1 + 2 + 4 = 7. 

6 C           × quotient + remainder 

Hence the remainder is a natural number, that is a multiple of 5, but is smaller 

than 15. i.e. it is either 0, 5 or 10. 

The remainder is not 0, because       cannot be divided by 3. 

The remainder is not 5, because in this case  ×          ×             

The number equal to  ×          = 1        ⏟      
    

 is not divisible by 3.  

Therefore the remainder is 10. 

7 B    (   )    (      ) × (      )    

The equation          does not have real roots, because its discriminant 

 3 < 0. 

Then   и   are real roots of the equation         . 

Therefore|    |  √(   )  √(   )      √    √  . 



8 А There are 15 primes among the numbers from 1 to 50. Those numbers are 2, 3, 

5, 7, 11, 13, 17, 19, 23, 29, 31, 37, 41, 43, 47. In this case we would need to 

take out at least 35+3=38 cards in order to make sure that there are at least 3 

primes among them. 

9 B There are two triangles that can satisfy the condition of the problem: 

A triangle with sides of 21, 21, 14; A triangle with sides of 16, 16, 24. 

10 D We are looking for the numbers containing the digits (1, 2, 4), (1, 3, 9), (2, 4, 

8) and (4, 6, 9).  

Their total number is 24: 

124; 142; 214; 241; 412; 421; 

139; 193; 391; 319; 913; 931; 

248; 284; 482; 428; 824; 842 

469; 496; 649; 694; 946; 964 

11 4 The numbers are 

(  √  √ ) (√    √ ) (  √    √ ) (  √    √ ) 

12 1 The cubes of ten consecutive numbers have a ones digit equal to 1, 8, 7, 4, 5, 6, 

3, 2, 9, 0. 

The ones digit of the sum of these cubes is 5. 

The sum of 100 consecutive numbers will end with the same digit as 10 × 5, 

i.e. 0. 

The sum of the numbers from 1 to 101 will end with the same digit as  

10 × 5 + 1, i.e. 1. 

13 150 If point F is external to the square, then the angle we are trying to find would 

be 30 degrees, and if it is interior to the square, the angle would be 150 

degrees. 

14 3 First way: We write down all proper fractions with 14 as a sum of their 

numerator and denominator and then we remove all reducible fractions.  

The fractions are 1/13, 3/11 and 5/9. 

Second way: The numerators of the fractions we are looking for would be all 

natural numbers, smaller than 7 and non divisible by divisors of 14 other than 1 

and 14, i.e. 2 and 7. The possible numerators would be 1, 3 and 5. 

The fractions are 1/13, 3/11 and 5/9. 

 



15 600 13 × 4 × 17 × 3 = 52 × 51, therefore the smallest natural number we are 

looking for is 4 × 3 × 50 = 600.  

13 × 17 × 600 = 50 × 51 × 5  

16 140 Point M is the center of the circle that encircles the triangle. The angle we are 

looking for is central and            

17 1,008  

 
 

 

  
 

 

  
   (

 

     
 

 

 ×      
)   

 
 

 
 

 

  
 

 

  
   (

 

     
 

 

 ×      
)   

 
 

 
 

 

  
 

 

  
   (

 

     
 

 

 ×      
)    

 

 
 

 

 ×  
  

  
 

 
   

    

    
 

18 0 and 1 The straight lines and the coordinate axes would form a trapezium if the 

straight lines are parallel to one another. In this case a = 1. 

A trapezium would also be formed when a = 0, in which case the straight line 

       would be parallel to the x axis. 

19 8 

 

If the equation is           , then           

If the number b is even, then D would be divisible by 4. 

If the number  b is odd, then after dividing D by 4, there would be a remainder 

of 1. 

In this case the numbers among the integers from 2000 to 2016, that are not 

values of the discriminant, are: 2002, 2003, 2006, 2007, 2010, 2011, 2014, 

2015. 

20 4 If  x = MF and y = ME   
 ×  

 
 

 ×  

 
    

 ×  

 
 

 ×  

 
        

   We are looking for the greatest value of the expression   ×     ×

(   )  where х ∊ (0; 4). From  × (   )    (   )     it follows 

that the greatest value is 4 and we would get it if x = y = 2, i.e. if point М is 

midpoint of side АВ.  

 

 

 

 

 



 

SPRING 2016: GROUP 9  

 

Problem 1. If       × (√   ) , then  √     

A)   B)      C)     D)   

 

Problem 2. The numbers 2 and    are two of the four roots of the equation                

What is the sum of the other two roots? 

A)    B) 0 C) 1 D) other 

 

Problem 3. What is the value of the following expression?  

√(  √ )  (  √ )  

A)    √   B)     √   C) 1 D)   1 

 

Problem 4. How many solutions does the following equation have? 

(    ) × √      

A)   B)   C) 2 D) 3 

 

Problem 5. There are 8 points on the circumference of a circle. What is the greatest possible number 

of right-angled triangles that have these points as their vertices? 

A) 24 B) 30 C) 36 D) 4 

 

Problem 6. Two years ago A was twice older than B, and three years ago B was three times younger 

than A. How old is A now? 

A) 12  B) 10 C) 8 D) 6 

 

Problem 7. For how many of the integers n can we claim that      is divisible by     ? 

A) 0  B) 1 C)  2 D) more than 2 

 

Problem 8. What remainder is left when                       is divided by 21? 

A) 6 B) 4 C) 2 D) 1 

 



Problem 9. The circle inscribed in the right-angled triangle ABC touches the hypotenuse AB at point 

M. If the radius of the circle is 1 cm, and AM  = 3 cm, then AB – BC =  

 

A)       B)      C)       D)      

Problem 10. In the graph   |   |, where   is the parameter, and the coordinate axes determine a 

triangle with an area of      . What is the smallest possible value of the expression      ? 

A)     B) 0 C) 8 D) other  

Problem 11. If N and M are natural numbers, such that  √   √       calculate N    

Problem 12. The diagonals of a trapezium divide it into four triangles. Three of the areas of the 

triangles are equal to respectively 4, 6 and 9 sq.cm. What is the area of the trapezium? 

 

Problem 13. What is the number of real roots of the equation     | |   ? 

Problem 14. Six children, A, B, C, D, E and F, must stand in a row in such a way that A and B, C and 

D, E and F would always be standing next to one another. In how many different ways can we do this 

arrangement? 

Problem 15. The polynomial        is written in the following form: 

 × (   )   × (   )     What is the value of           ? 

Problem 16. The numbers 201 and 235 leave the same remainder (14), when divided by  . Find  . 

Problem 17. If 
 

  √  √ 
   √  √ , find A. 

Problem 18. The number of diagonals of a convex N-gon is 2015. What is the number N? 

Hint: √            

Problem 19. What would the last digit (the units digit) of the square of an integer be, if the digit 

before-last (the tens digit) is odd? 

Problem 20. The lengths of the medians of a triangle are 9, 12 and 15 cm. Calculate the area of the 

triangle. 



ANSWERS AND SHORT SOLUTIONS 

 

Problem Answer Solution 

 

1 

 

C 

 

     (√   )  (√ )
 
    (√   )  √      √        

 

2 C First way: We solve the equation              to find that the 

roots are equal to 2,  2 , 3 and  3. The sum we are looking for is 1. 

Second way: All equations of the kind             that have   and 

  as solutions also have     and –   as solutions. In this case the other 

two solutions are equal to 3 and  2. Their sum is equal to 1. 

 

3 D √(  √ )   (  √ )  |(  √ ) |  (  √ )   ((  √ )
 
)  (  √ )      

 

4 B (    ) × √               or √        the possible 

roots are 1,  1 or 2. The check shows that only 2 is a root of the equation. 

 

5 

 

А If we place the points two by two, so that they would be the edges of a 

diameter, we would get 6 right-angled triangles with a common 

hypotenuse for each diameter. There are 4 ×      right-angled triangles 

in total. 

 

6 D  А B  

3 years ago    

 
 

 

2 years ago      

 
   

The equation is 

     (
 

 
  )      

Now       
 

 

7 

 

B 

 

    

    
   

   

    
  and           therefore 

    

    
 is an integer, 

if      

 



8 D   (       )  (        )    (                 )   

    × (      )         × (      )   

    ×           ×    

Тhe remainder after a division by 21 is 1. 

 

9 B If AB = c, BC = a, CA = b   

  
     

 
      

      

 
                 

 

10 B In the graph of   |   |, where   is the parameter, and the coordinate 

axes determine the triangle         (   )   (     )   (    ) with an 

area of  
 2

 
                .  

In this case the smallest possible value of the expression       is 0. 

 

11 3  √   √      (   )√      

If       (   )√     is an irrational number. Therefore    . 

We can now reach the conclusion that M =1. Therefore M+N =3. 

 

12 25 ABCD is the trapezium, O is the intersection of its diagonals, AB    . 

The areas of the triangles ADO and BCO are equal, therefore the possible 

areas of the four triangles are 4, 4, 6, 9; 4, 6, 6, 9; 4, 6, 9, 9. 

           and  
  

  
 

𝑆   

𝑆   
  and 

  

  
 

𝑆   

𝑆   
, 

therefore the areas of the triangles are 4, 6, 6 and 9.  

In this case the area of the trapezium is 6 + 6 + 9 + 4 = 25. 

 

13 2    | |     

      , if     . The roots are the numbers 0 and 1.  

      (    )   , if     . This equation has no real roots   

 

14 48 We must arrange the X, Y and Z pairs, which are respectively made up of 

A and B, C and D, E and F. 

X, Y and Z can be arranged in 6 ways, and each of X, Y and Z can also be 

arranged in 2 ways. 6 × 2 × 2 ×   = 48 ways in total. 



15 13 The identity        = × (   )   × (   )    

is also true for    . Therefore  

       = × (   )   × (   )            . 

 

16 17 We need a natural number greater than 14, which is a divisor of both 

           and           . That number is 17. 

 

17 2  

  √  √ 
   √  √  

 

  √  √ 
 

 (  √   √ )

(  √  √ )(  √  √ )
 

 (  √   √ )

 √ 
  

   √  √  

 

18 65 The number of diagonals is determined by the following formula: 

 (   )

 
      

 

19 6 

 

(     )               , therefore the digit before last would 

be odd if the tens digit of    is odd. This would be possible if b    or 

     The ones digit would be 6. 

 

20 72 The lengths of the medians of the triangle ABC are, respectively, 9 

cm, 12 cm and 15 cm. The point M is the centroid of the triangle.   

Let us duplicate the triangle and get the parallelogram АСВD, where the 

point N is the centroid of the triangle АВD.  

AM = BN = 6, BM = 8, MN = 10. BMN is a right-angled triangle, and its 

area is 1/3 of the area of the triangle ABC. Therefore the area of the 

triangle ABC  is 72 sq. cm. 

 

 

 

 

 

 

 



FINAL 2016: GROUP 9 

 

Problem 1. If √   √     (√   )  , then  √   

A)     B)      C)      D)   

Problem 2. A circle has been inscribed in the right-angled triangle ABC. The circle touches the 

hypotenuse AB at the point M. If AM = 3 cm and BM = 6 cm, then the area of the triangle is: 

 

A)         B)       C)        D)       

Problem 3. If the number a is rational and the number   (      )√       is also rational, 

then the value of b is: 

A) 0 B) 1 C) 2 D) 3 

Problem 4. What is the product of the real roots of the following equation?  

(   )(    )(    )       

A)    B)   C)   D)   

Problem 5. Of all the triangles with sides a, b and c, such that               , 

calculate the perimeter of the triangle with the largest area. 

A) 25 B) 24 C) 23 D) other answer 

Problem 6. Find the natural number  , 97 <   < 102, for which the expression 

          is a perfect square of a natural number. 

A) 98 B) 99 C) 100 D) 101 

Problem 7. If the points M and N are the midpoints of the sides CD and DA of the parallelogram 

ABCD, and the straight lines AM and BN intersect at the point P, then the       = 

 

A) 2:3 B) 1:2 C) 1:3 D) other answer 



 

Problem 8. A square and a circle have a common part. The area of the square, the area of the common 

part and area the circle relate to each other in a ratio of 4:1:17. What percentage of the figure's area is 

the area of the common part? 

 

A) 5 B) 10 C) 15 D) 20 

Problem 9. The number of rational numbers in the sequence  √  √  √    √     √     is:  

A) 44 B) 42 C) 22  D) 21 

Problem 10. How many points (x, y) are there, with coordinates that are negative integers and 

             ? 

A) 0 B) 1 C) 2 D) more than 2 

 

Problem 11. The equation                  , where a and b are parameters, has a double 

root 1. How many real roots does it have? 

 

Problem 12. The acute-angled triangle ABC is inscribed in a circle with a center O and a radius of R. 

If r is the radius of the circle tangent to the segments AO and BO, and the arc AB, and       

calculate     . 

 

 

Problem 13. How many integer values of the expression         are there for each number α 

which satisfies the inequality          ? 

 

 



Problem 14. Present the following as an irreducible fraction  

    ̅     ̅

    ̅     ̅
  

 

Problem 15. The sides of the triangle ABC are: AB = 3 cm, BC = 4 cm and AC = 5 cm. Points K, M 

and N are the feet of the perpendiculars from point P to the sides AB, AC and BC respectively. 

Calculate 3AK+4ВN+5СM. 

Hint: One of the classic theorems in geometry is that of the French mathematician Lazare Nicolas 

Carnot: The perpendiculars drawn from points K, M and N to the sides AB, AC and BC of the triangle 

ABC intersect at point P only when                          

 

Problem 16. If     ,   
 

 
   and   

  

 
  , calculate      

 

Problem 17. In the numerical equation √   √   √   √   √  √   , known as 

“problem of the Indian mathematician Bhaskara” the last number has been replaced with the letter A. 

Find  . 

 

Problem 18. In a particular year three consecutive months had 4 Sundays in them. What are the 

possible sums of the days in these three consecutive months? 

 

Problem 19. We are given a square with a side of 10 cm. If we were to cut out smaller squares, each 

with a side of 1cm, from two of the opposite corners of the big square, what is the greatest possible 

number of rectangles with a size of 1 cm by 2 cm that we would be able to cut the newly formed figure 

into? 

 

 

Problem 20. If N is an integer, how many possible remainders are there when dividing    by 5? 

 



ANSWERS AND SHORT SOLUTIONS 

 

Problem Answer Solution 

1 B √   √     (√   )
  

 (√ )       √      

2 A 

If           and      are the lengths of the sides of the triangle 

     and   is its semiperimeter,                

  ×    
      

 
 
     

 
 

   (   ) 

 
 

   

 
       

         ×        

3 D 
The number   (      )√       would be rational if 

         (   )(      )     In this case      

4 B 

First we need to note that 1 is not a root of the equation. 

If      
(   )(   )(   2)(    )

   
      

    

   
      

    

   
      (    ) × (

 

   
)    

It is no longer difficult to establish that the roots are 0 and (-1). Their 

product is 0. 

5 B 

Of all the triangles with sides a and b, the right-angled triangle with 

catheti     and    , and a hypotenuse equal to √         ∊

       has the largest area. 

The parameter is equal to 24 cm. 

6 A 

           (             ) 

therefore if         , then the expression would be a square of the 

natural number, i.e.     . 

We must note that if       then          is such that (    )  

         (      ) ; 

We must also note that there is no perfect square between the squares of 

two consecutive natural numbers. 

7 A 

Let us assume that the straight line intersects the continuation of the side 

CD at the point Q. 

From the congruence of the triangles NDQ and NAB we get that 

DQ = AB. 

It must be noted that the triangles PMQ and PAB are similar, therefore 



  

  
 

  

  
 

  

  
 

 

 
. 

8 A 

The area of the square, the common part, and the circle are respectively 

     and      The area of the whole figure is 20k. The percentage we are 

looking for is 
 

   
×            

9 C 
The numbers are                      

There are 22 numbers. We must also note that               

10 C The inequality is true for                           

11 2 

                (   ) (       )  

                   (   )   (    )   

(   )         

The equation          does not have any real roots   

                   has only 2 real roots. 

12 30 

  (   ) and   (    ) are tangent to the point D, аnd Е is tangent to 

  (    ) and AO. 

In this case              In the triangle       the cathetus 

        is twice as small as the hypotenuse      . We can conclude 

that                               

13 17 

             (   ) 

Therefore   (   )  

In this case          (  
 

 
)  

 

 
 (     ). 

There are 17 integers of the interval (     ) . 

14 
 

 
 

   ( )    ( )

   ( )    ( )
 

    
  ( )
     ( )

    
  ( )
     ( )

 
    

 
 
   

 
 

    

 
 
   

 
 

 

  
  
   
  

 
 

 
 

15 25 
If                  

         (   )  (   )  (   )               

16    

From the condition of the problem we get that         и       

  . 

In this case (   )     |   |     

However      therefore           

Such numbers х and у do exist. 



17 √  

√   √   √   √   √  √     

   √    √        √    √   

        √   √     √   √    

(  √ )(  √   √   √ )=0    √ . 

18 89 or 90 

The possibilities are: 

31+28+31=90 or 31+29+31=91; 

28+31+30=89; 29 + 31 + 30=90. 

31+30+31=92; 

30+31+30=91; 

31+30+31=92; 

30+31+31=92; 

31+31+30=92; 

31+30+31=92;  

30+31+30=91;  

31+30+31=92. 

Between 12 Sundays there are 12 + 11 × 6 = 78 days; 

Therefore the following will remain of the sums 

12 days or 13 days; 11 or 12; 14; 13; 14; 14; 14; 14; 13; 14. 

February is definitely among those months. 

19 48 

Let us colour the board using a chessboard pattern. The blocks which have 

been cut off are of the same color, and each of the rectangles 1х2 covers 

both colors. 

In this case it would be impossible to get 49 rectangles. However it is 

possible to get 48. 

(Two of the squares can not be used to form a rectangle – the ones 

adjacent to the squares which have been cut out.) 

20 2 

The fourth power of each natural number has 0, 1, 5 or 6 as its digit of 

ones. In this case when dividing it by 5, there would be a remainder of 0 

or 1. 

 

 

 



 

TEAM COMPETITION – NESSEBAR, BULGARIA 

MATHEMATICAL RELAY RACE  

 

The answers to each problem are hidden behind the symbols @, #, &, § and * and are used in solving 

the following problem. Each team, consisting of three students of the same age group, must solve the 

problems in 45 minutes and then fill a common answer sheet. 

 

GROUP 9 

 

Problem 1. The smallest integer that can take on the parameter a, and for which the equation 

(  √  ) × √      is only satisfied for one number, is @. Find @. 

Problem 2. The height to the hypotenuse of a right-angled triangle is @ cm. The smallest possible 

area of this triangle is #    . Find #. 

Problem 3. After an awarding ceremony, the three winners were greeted by a total of # people. The 

first was greeted by 80 people, the second was greeted by 60, and the third by 70. What is the smallest 

possible number of people that greeted all three winners? Denote the answer using the symbol &. Find 

&. 

Problem 4. The number of all non-negative integers k, for which the inequality 

      √  has a solution presented as a positive integer, is §. Find §. 

Problem 5. Three circles are tangent two by two to the circle with a center O and a radius of § cm. 

Two of these circles pass through the point O. The radius of the third circle is * cm. Find *. 

 

 

 

 



 

ANSWERS AND SHORT SOLUTIONS 

 

Problem Answer Solution 

1 @ = 10. 

The equation can have a maximum of 2 roots, a and √  . 

In order for there to be 1 root, it would be enough for   √  , or 

√      ,  i.e.   √  . 

The value would be equal to 10. 

2 # = 100 

The median of the hypotenuse is always at least 10 cm. In this case the 

hypotenuse would be at least 20 cm. 

Therefore the smallest possible area of this triangle would be        . 

3 & =10 

The first was not greeted by 20 people, the second was not greeted by 40 

and the third was not greeted by 30. In the worst case scenario: 

Those who did not greeted the first winner did not greeted at least one of 

the other two either. 

Those who did greeted the second winner did not greeted at least one of 

the other two. Those who did not greeted the third winner, did not 

greeted at least one of the other two either. In this case 20 + 40 + 30 = 90 

people did not greeted the three winners. The people who greeted all 

three would be at least 100   90 = 10. 

4 § = 2 

The smallest possible k, for which the inequality        √  

has a solution, is 0 and the greatest is 1. 

The number we are looking for is 2. 

4 * = 2/3 

If A, B and C are the centers of the three circumferences, then AB = 2, 

AC = 1 + x, BC = 1 + x, and the height CH to AB, is equal to 2   х.  

If we apply the Phytagorean theorem to the triangle AHC, we will get 

that х = 2/3. 

 


