
 

 

 

MATHEMATICS WITHOUT BORDERS  

2015-2016 

 

AUTUMN 2015: GROUP 7  

 

Problem 1. If            
 

 
 , then & really represents the operation: 

A)  + B)    C)   D)    

Problem 2. The value of the expression                     is: 

A) 98,406 B) 9,846  C)        D) 60,489 

Problem 3. The sum of the absolute values of all integers x satisfying | |    and  | | > 3 is: 

A) 0 B) 4 C) 6 D) 8 

Problem 4 . What is the largest natural number n for which 

                   

A) 7 B) 8 C) 9 D) 10 

Problem 5. If   
 

 
     

 

 
    and   

 

 
       then   is 

A)    B) –    C) 0 D) 1 

Problem 6. Points A, B and C lie on a straight line. The distance from A to B is 16 cm. The 

distance from C to A is 10 cm. Find the distance from the midpoint of BC to the midpoint of AB. 

A) 3 cm B) 5 cm C) 6 сm  D) 8 сm  

Problem 7. A vessel contains 44 litres of water, while a second vessel contains 8 litres of water. 

The same amount of water has been added to both vessels so that the water in one of the vessels 

has become 4 times the amount of water in the other vessel. How many litres of water has been 

added to each container? 

A) 8 B) 5 C) 4 D) 36 

Problem 8. If              then    equals 

A)             B)            C)            D)             

Problem 9. A student answered 3 of the first 8 questions in the test correctly. How many of the 

remaining 12 questions must be answered correctly by the student so that 75 % of all problems 

would be correctly solved? 



А) 9 B) 10 C) 11 D) 12 

Problem 10. If the absolute values of the numbers x and y are equal, and        , the 

expression   
 

| |
 

 

| |
 |

 

 
| takes:  

А) 1 value B) 2 different values C) 3 different values D) 4 different values 

Задача 11. If  
 

      
 

 

  
 (

 

 
 

 

 
 

 

  
)  then the value of        is…. 

Problem 12. Find the value of  А, if 

 (        )  (        )                         . 

 

Problem 13.  In a group of 80 people, 39 have brown hair, 30 have brown eyes and 15 have both 

brown hair and brown eyes. How many have neither brown hair nor brown eyes? 

 

Problem 14. There are X points marked on a circumference, 5 of which are red, and the rest are 

blue. Each two of the points are connected by a segment. If the number of segments with two red 

ends is equal to the number of segments with different-colored ends, how much is X? 

 

Problem 15. The natural numbers are grouped as follows:  

                                                   

What is the sum of the numbers in the tenth group? 

 

Problem 16. I added  100 g mixture of milk and cocoa in a ratio of 4 : 1 to 150 g mixture of milk 

and cocoa in a ratio of 1 : 4. What is the ratio of the milk and cocoa in the newly received 

mixture? 

 

Problem 17. What is the three-digit number     for which the equality is true 

   ̅̅ ̅̅ ̅    ̅̅ ̅    ̅̅ ̅    ̅̅ ̅ ? 

 

Problem 18.  How many are the five-digit numbers which end in 6 and are divisible by 3? 

 

Problem 19. Find the smallest prime number, which can be represented as a sum four different 

prime numbers. 

 

Problem 20. If (   )  (    )  (    )  (    )  (   )        then    ? 



ANSWERS AND SHORT SOLUTIONS 

Problem Answer Solution 

1 C             

   
 

 
 

    

 
       

2 A                                

3 D |x|<5 and  |x|>3⇒x=4 or x=-4  

|4|+|-4|=8 

4 B                                       

          

                                  

5 D   
 

 
     

 

 
       

 

 
    ⇒               

 ⇒     

6 B If the point C is between A and B, then the distance would be 5cm.  

If the point A is between B and C, then the distance would be 5cm.  

Keep in mind that it is NOT possible for B to be between A and C. 

7 C Carry a check using the given answers:  44 + 4 = 48 and 8 + 4 = 12; 

48   12 = 4. 

Or use the following solution: 

Pour an extra x litres of water. Then 44 + x = 4   (8 + x) ⇒ x = 4 

8 A      (        )                

   (        )                     

9 D Other than checking through the given answers, the problem can be 

solved as follows:  

If we mark the number we are looking for with an x, then 

            ⇒ х = 12. Possible answer. 

10 C The possibilities are –3, –1 and 1. This is how we calculate them:  

1 + 1 – 1 = 1; 1 – 1 – 1 = –1; –1 + 1–1 = –1; –1–1–1 =–3 

11                   ⇒             

12 1 First way: we substitute it with x = 1 and conclude that  

0 = 10 – 15 + А + 8 – 5 + 1 

Second way: 

The left side is                         



13 26 With brown hair but not with brown eyes: 39 – 15 = 24; 

With brown eyes, but not with brown hair: 30 – 15 = 15. 

With brown eyes and with brown hair: 15. 

Deduct 24 + 15 + 15 = 54 from the total number in order to get the 

number of people who have neither brown eyes nor brown hair: 

80 – 54 = 26. 

14 7 The number of segments with two red ends is 10. 

The number of segments with two different colored ends is 5(X-5) 

От       (   ) ⇒       

15 1729                        

Their sum is       (           )       

Another way: 82 + 83 + ... + 99 + 100 = 1729. 

The Indian mathematician Ramanujan claims that the number 1729 

is the smallest natural number that can be presented, in two 

different ways, as the sum of two different numbers raised to the 

third power. 

16 11:14 The milk in the first mixture is 30g, and the cacao is 120g. In the 

second mixture the milk is 80g, and the cacao is 20g.  The total 

amount of milk is 110g, and the total amount of cacao is 140g.  

The ratio is now 11:14. 

17 198                             ⇒           

⇒             

18 3000 The five digit numbers that end in 6 would be divisible by 3 if the 

four-digit number that we can get after removing the digit of ones of 

the five digit number is divisible by 3. The total number of four digit 

numbers are  

9999 – 999 = 9000. Each third number is divisible by 3.  

19 17 2 + 3 + 5 + 7 = 17 

20 16 (   )  (    )  (    )  (    )  (   )   

 (   )  (   )  (    )  (    )  (    )   

 (    )  (    )  (    )  (    )   

 (    )  (    )  (    )   

 (    )  (    )        ⇒      



WINTER 2016: GROUP 7  

Problem 1.                 

A)           B)           C)           D) other 

Problem 2. In 1808 the German mathematician Carl Gauss introduced the square bracket 

notation     to denote the largest integer not greater than  .  

What is the value of the following expression:                                     ? 

A) -2 B) -1 C) 0 D) 1 

Problem 3. The value of the expression 
      

   
      is equal to: 

A) 1,000 B) 10,000 C) 100,000 D) 1,000,000 

Problem 4. One of the interior angles of a triangle is 70 degrees, and the difference of two of its 

interior angles is 30 degrees. How many triangles with such angles are there? 

(Hint: The sum of the interior angles of a triangle is 180 degrees.)  

A) 1 B) 2 C) 3 D) 4 

Problem 5. You can see that 4 points have been placed on the square grid. How many acute 

angles are formed by intersecting the straight lines that connect each pair of points? 

 

(Hint: When two straight lines intersect at a point, they form either 2 acute and 2 obtuse angles or 4 right angles.)  

A) 4 B) 5 C) 6 D) another answer 

Problem 6. What is the remainder after dividing        by 15? 

A) 0 B) 5 C) 10 D) 15 

Problem 7. The product of two integers that are smaller than 7 and greater than ( 77) is 77. 

What is the sum of these integers? 

A)     B) –     C) 18 D) 78 

Problem 8. When apples are dried they lose 84% of their weight. How many kilos of apples 

would be needed to produce 24 kg of dried apples? 

A) 84 B) 100 C) 125 D) 150 

Problem 9. Peter added 3 consecutive odd numbers and the sum he got as a result was A. Steven 

added 3 consecutive odd numbers and the sum he got as a result was B. If one of Peter’s numbers 

is the same as one of Steven’s numbers, then the greatest possible difference of the sums they 

both got (A and B), is: 



A) 10 B) 11 C) 12 D) 13 

Problem 10. The code of a safe is made up of all odd digits, without any of the digits repeating. 

What is the maximum number of failed attempts that we would need to make before breaking the 

code? 

A) 120 B) 99 C) 119 D) another answer 

Problem 11. You can see a rectangle with a size of 11   9 cm. What is the maximum number of 

smaller rectangles with sizes of 3   2 cm we can form out of the big rectangle? 

 

Problem 12. The natural number A would be increased 11 times if, on its right side, we write 

down one of the following nine digits: 1, 2, 3, 4, 5, 6, 7, 8 or 9. How many digits does the 

number A have? 

Problem 13. In how many different ways can we divide a set of 7 different weights (from 1 to 7 

grams each) in two groups of equal weight? 

Problem 14. How many proper irreducible fractions are there, whose numerator and denominator 

are natural numbers with a sum of 33?  

Problem 15. What is the smallest natural number N for which the product of 13, 17 and N can be 

presented as the product of three consecutive natural numbers? 

Problem 16. Someone asked Pythagoras about the time, and his reply was as follows: 

“The time left until the end of the day is equal to two times two fifths of the time which has 

already passed”. (twenty-four-hour period). What is the time? 

Problem 17. If    , the value of the expression 
    

 
   would be ( 1). What would the 

value of the expression be if    ? 

Problem 18. How many prime numbers „ ” are there, for which all three numbers        

and      are primes?  

Problem 19. There were 18 apples in one basket, and 20 apples in another basket. I took a few 

apples from the first basket, and then I took as many apples as were left in the first basket, from 

the second basket. How many apples in total are left in both baskets? 

Problem 20. If   is an integer, what is the largest possible remainder when    is divided by 4? 

 



ANSWERS AND SHORT SOLUTIONS 

 

Problem Answer Solution 

1 B                                 

 

2 A [–20.15] + [20.15] + [–20.16] + [20.16] = –21 + 20 – 21 + 20 = –2 

 

3 D       

   
                    (     )             

 

4 B Since the sum of the angles of a triangle is equal to two right angles = 180 

degrees, the triangles that satisfy the condition of the problem are two and their 

interior angles are of the following degrees: 

70, 40, 70 and 70, 10, 100. 

 

5 D Let А, В, С and D denote the points so that D is not on the same line as А, В 

and С. 

There are 6 pairs of lines that connect each pair of points: AD and AC, AD and 

BD, AD and CD, AC and BD, AC and DC, BD and DC.  

When two straight lines intersect at a point, they form either 2 acute and 2 

obtuse angles or 4 right angles. AD and BD are perpendicular, hence they form 

4 right angles. Each of the rest 5 pairs of lines form 2 acute and 2 obtuse 

angles, hence the total number of acute angles is 10. 

 

6 C             quotient + remainder 

Hence the remainder is a natural number, that is a multiple of 5, but is smaller 

than 15. i.e. it is either 0, 5 or 10. 

The remainder is not 0, because       cannot be divided by 3. 

The remainder is not 5, because in this case                         

The number equal to            = 1        ⏟      
    

 is not divisible by 3.  

Therefore the remainder is 10. 

 

7 А 77 = ( 1)   ( 77) = (  7)   ( 11) = 1            



Among these, two integers are smaller than 7 and greater than  77, hence the 

numbers we are looking for are  7 and  11. Their sum is  18. 

 

8 D 100 %   84 % = 16 %  

16% of x is 24 kg 

  

   
     ⇒      

  

   
      

We need 150 kg of apples to produce 24 kg dried apples. 

 

9 C А =  2n + 1 + 2n + 3 + 2n + 5 = 6n + 9,  

therefore B = 2n – 3 + 2n – 1 + 2n + 1 = 6n – 3  

or B = 2n + 5 + 2n + 7 + 2n + 9 = 6n + 21.  

Therefore A – B = 12 or A – B = –12. 

 

10 C All possible codes are 5   4   3   2   1 = 120. In the worst case scenario, we 

would break the code after making 119 failed attempts. The code would be the 

120th possible number.  

Therefore we would break the code after the 119th attempt. 

 

11 D 99 6=16 + a remainder of 4, therefore 16 is most likely to be the greatest 

number. 

 

12 1 If we write down the number   ̅̅̅̅   where x is one of the digits from 1 to 9, then  

10A + x = 11A. Then x = A, i.e. A is a one-digit number. 

 

13 4 The total weight of the set of weights is 28 grams. If the weight of 7 grams is 

in the first group, then we would need to add other weights in the group that 

have a total weight of 7 grams. 7 = 6 + 1 = 2 + 5 = 3 + 4 = 1 + 2 + 4, therefore 

we could group them in 4 ways. 

First way: first group – 7, 6, 1; second group – 2, 3, 4, 5 

Second way: first group – 7, 5, 2; second group – 1, 3, 4, 6 

Third way: first group – 7, 4, 3; second group – 1, 2, 5, 6 

Fourth way: first group – 7, 4, 2, 1; second group – 3, 5, 6. 

 



14 10 First way: We write down all proper fractions with 33 as the sum of their 

numerator and denominator and then we remove all reducible fractions: 1/32; 

2/31, 4/29, 5/28; 7/26, 8/25; 10/23; 13/30; 14/19; 16/17. 

Second way: The numerators of the fractions we are looking for would be all 

natural numbers, smaller than 17 and non divisible by divisors of 33 other than 

1 and 33, i.e. 3 and 11.  

15 600 13   4   17   3 = 52   51, therefore the smallest natural number we are 

looking for is 4   3   50 = 600. 

13   17   600 = 50   51   5  

16 13 h 20 

min 

The time that has already passed can be denoted with x. The time left can be 

denoted with 2   
 

 
 . Therefore the equation can be presented as  

  
 

 
  

 

 
    ⇒   

   

 
   

 

 
 ⇒               

17         

 
        therefore A = 2. 

Then if x = 2, the value of the expression would be 
     

 
       

18 1 If p is a prime number, then p = 3, or when divided by 3 leaves a remainder of 

1 or 2. 

If p = 3, all three numbers are prime: 3, 14, 17. 

If, when divided by 3, the number p leaves a remainder of 1, then the number 

p+14 is divisible by itself, by 1, and by 3, i.e. it is not a prime number. 

If, when divided by 3, the number p leaves a remainder of 2, then the number 

p+10 is divisible by itself, by 1, and by 3, i.e. it is not a prime number. 

Therefore there is only one number (p = 3) for which all three numbers 

       and      are primes. 

19 20 First way: If we take 2 apples, then the apples left in the first basket would be 

16. Then if we take 16 apples from the second basket, 4 apples will be left 

there. The total number of apples left is 20. 

Second way: If we take x number of apples from the first basket, then the 

apples left in it would be 18   x. Then if we take 18   x from the second 

basket, there would be 20   (18   x) = 2 + x apples left in it.  

The total number of apples left is 18   x + 2 + x = 20. 

20 1 The number A is an odd number. Therefore when divided by 2 it would leave a 

remainder of 1. 

 



SPRING 2016: GROUP 7  

Problem 1. If       , then the value of the expression |   |    |   |  (   )   is: 

A)   +1 B)      C)   D)    

Problem 2. What would   need to be equal to, in order to get the smallest possible value of the 

following expression ? 

                    

A) 2016 B) 1 C)    D) 2 

Problem 3. The sum of the two-digit numbers   ̅̅ ̅ and   ̅̅ ̅ cannot be … 

A) 66 B) 154 C) 198 D) 155 

Problem 4. The value of the expression  

  
               

                                       
 

can be calculated after simplifying the expression     (   )  (   ). 

The value of   is:  

A) 2017 B) 2016 C) 2015 D) other  

Problem 5. All possible values of the parameter  , for which 3 is the root of the equation  

         , are the numbers: 

A) 3 B)     C)   and      D)   and       

Problem 6. To what power do we need to raise     in order to get     ? 

A) 2 B) 6 C) 12 D) 24 

Problem 7. If      and      , then   is: 

A) a non-negative number B) a negative number 

C) a positive number D) cannot be determined 

Problem 8. If each of the angles of a quadrangle is the average of the other three angles, then 

this quadrangle would always be: 

A) a parallelogram B) a rhombus C) a square D) a rectangle 

Problem 9. How many of the solutions of the equation (   )  (    )    are solutions of 

the inequality | |     

A) 0 B) 1 C) 2 D) 3 

Problem 10. After a price increase of 20 % an item cost $ 240. The price of the same item before 

the price increase was:  

A) $ 200 B) $ 210 C) $ 220 D) $ 230 



Problem 11. The numbers 0, 1, 2, 3, 4 and 5 have been used to write down all four-digit 

numbers that have no repeated digits and are divisible by 5. What part of these numbers are 

divisible by 10? 

 

Problem 12. 26 litres of juice must be bottled into 10 bottles of  either 1 litre, 3 litres or 5 litres. 

The 1 litre bottles are of an even number. How many bottles of 5 litres are there? 

 

Problem 13. If    |    |  |    |  where   is a positive integer, what is the smallest 

value of    

 

Problem 14. If   is a prime number, how many possible remainders would we get when dividing 

p by 6?  

 

Problem 15. The polynomial          is expressed as follows:  

  (   )    (   )     

What is the value of          ? 

 

Problem 16. On each side of a cube with an edge of 1 cm is glued a cube equal in size. Find the 

surface area of the resulting body in cm
2
. 

 

Problem 17. 1
2
 – 2

2 
+ 3

2
 – 4

2 
+ 5

2
 – 6

2  
+...+ 99

2 
−100

2  
= … 

 

Problem 18. In a chess tournament, each contestant must play a game with each of the other 

contestants. There are 4 contestants in the tournament: Alexander, Boris, Carl and David. So far 

Alexander has played 3 games, Boris has played 2 games and Carl has played 2 games. How 

many games has David played? 

 

Problem 19. If the product of 100 numbers is a negative number, how many different options are 

there for the possible number of negative integers among these multipliers? 

 

Problem 20. (inspired by a problem by Johannes Buteo, who lived during the 16th century) The 

price of 9 apples, minus the price of a pear, is equal to $13, and the price of 15 pears, minus the 

price of an apple, is equal to $6. How much would one apple and one pear cost? 

 



ANSWERS AND SHORT SOLUTIONS 

 

Problem Answer Solution 

1 D      ⇒ |   |   (   )       

For each    |   |  (   ) . 

Therefore: 

|   |    |   |  (   )         (   )  (   )     

 

2 D                                            

= (    )  (   )            

We can get an equality when both         and      .  We get 

that    . 

 

3 D   ̅̅ ̅    ̅̅ ̅                        (   )    

Therefore the sum of   ̅̅ ̅    ̅̅ ̅ is always divisible by 11.  

Among the given numbers 154 is not divisible by 11. 

 

4 D    (   )  (   )    ⇒ 

                      (      )  (      )    

                                          

 

5 D If     is a root, then              е ⇒      ⇒  

⇒ (   )  (   )   ⇒      or        

 

6 C Let   denote the number we are looking for.  

(  )      ⇒     (  )  ⇒        ⇒      ⇒      

 

7 B     and      ⇒  

      and (   )  (   )    ⇒       

      and       ⇒           ⇒     ⇒     

 

8 D We know that the sum of the angles of each quadrangle is 360 degrees. 

Let             denote the angles ⇒          ⇒         



   ⇒        ⇒         

In the same way we can get that            

Thus we reach the conclusion that the quadrangle is a rectangle. 

 

9 C The numbers 2, 3 and – 3 are solutions of the equation 

 (   )  (    )     

Among them 3 and – 3  satisfy the inequality | |     

 

10 A Let   denote the price we are looking for   

In this case   
  

   
       ⇒        

 

11 5/9 The numbers divisible by 5 are either of the      ̅̅ ̅̅ ̅̅ ̅ kind or of the 

     ̅̅ ̅̅ ̅̅ ̅       The numbers of the      ̅̅ ̅̅ ̅̅ ̅ kind are divisible by 10. 

The numbers of the      ̅̅ ̅̅ ̅̅ ̅ kind are 5   4   3 = 60, and the numbers of the 

     ̅̅ ̅̅ ̅̅ ̅ kind are  4   4   3 = 48. 

The part we are looking for is 60  108 = 5/9. 

 

12    Let x, y and z denote the number of bottles containing 1, 3 and 5 liters. 

Then             ⇒      ⏟      
  

           

⇒            ⇒         

We have these options to bottle the juice: 

If z = 1 ⇒ y = 6 ⇒ x = 3;  

If z = 2 ⇒ y = 4 ⇒ x = 4;  

If z = 3 ⇒ y = 2 ⇒ x = 5. 

Since the 1 litre bottles are of an even number, only the second option is 

possible – the number of 5 litre bottles is 2. 

 

13    If N = 1 ⇒   |    |  |    |          

If N = 2 ⇒   |    |  |    |       . 

If     ⇒   |    |  |    |              

 

14 4 When dividing the number р   5 by 6, let a be the quotient. Then the 



possibilities would be                          and     . 

However in                and      the number p is not a 

prime. Then the possible remainders are 1 and 5. 

Now we must add the remainders 2 and 3, which we get when dividing the 

primes 2 and 3 by 6. 

If     ⇒ the possible remainders are 1 and 5; 

If     ⇒ the possible remainders are 2 and 3. 

There are 4 possible remainders in total. 

15 6 The identity         =  (   )    (   )    

is also true for    . Therefore  

         =  (   )    (   )   ⇒        . 

16 30 The number of cubes is 7. The resulting body is made up of 5 faces of 

each of the 6 cubes = 30 faces in total, each one with an area of 1 sq.cm  

= 30 sq.cm. 

17           –         –         –               –        

(   )  (   )  (   )  (   )    (      )  (      ) 

=   (            ⏟              
  

)               . 

18 1 or 3 If we add the number of games each contestant has played, the number we 

get must be divisible by 2, because each game is counted twice. 

In this case the number of games is 7 + x, where x denote the number of 

games David has played. The number x cannot be greater than 3. 

There are four possibilities: 0, 1, 2 and 3. 

7 + x can be divisible by 2 if x = 1 or x = 3. 

19 50 The negative numbers must be an odd number. The possibilities are 1, 3, 

5, ..., 99. 50 in total. 

20 2 Let   denote the price of an apple. The price of a pear would then be 

  =      . 

From the second condition we get that the price of a pear is equal to 
   

  
  

We get the equality 
   

  
      ⇒        

Then   = 0.5. 

Therefore        

 

 



 

FINAL 2016: GROUP 7 

 

Problem 1. The product of 100 integers is 100. What is the smallest possible sum of these 

numbers? 

A) -199 B) -195 C) -2 D) 0 

Problem 2. The numbers from 0 to 100 have been written down in order: 

01234567891011...979899100. If we were to erase three consecutive digits, the first two of 

which have a sum of 10, the third digit will most often be: 

A) 0 B) 1 C) 2 D) 3 

Problem 3. The sum of the two-digit numbers   ̅̅ ̅ and   ̅̅ ̅ is a square of a natural number and is 

equal to: 

A) 196 B) 169 C) 144 D) 121 

Problem 4. What remainder is left after dividing        by 12? 

A) 0 B) 2 C) 4 D) 8 

Problem 5. If the following is true for each value of a: 

        (       )    (        )  then      = ? 

A)  2 B)  1  C) 2 D) 4 

Problem 6. At least how many composite integers, smaller than 50, do we need to select, so that 

at least two of them would have a common divisor that is greater than 1?  

A) 4 B) 5  C) 6 D) 7 

Problem 7. The number (-1) is the root of the equation 

  (    )  (    )    (    )     where   is the unknown and A is a parameter.  

In this case A = 

A) -1 B) 0 C) 1 D) 2 

Problem 8. The point M is placed on the side BC of the triangle ABC so that CM = MA = AB 

and AC = BC. In this case           = 

A) 2 B) 1.5 C) 2.5 D) 3 

Problem 9. 

                      (                  )

   
  

A) 5  B) 7  C) 9 D) 11 



Problem 10. We have a square with a side of 10 cm. We have cut out smaller squares, each with 

a side of 1cm, from two opposite corners of the big square. What is the greatest possible number 

of rectangles with sizes of 1cm by 2 cm that we can divide the newly formed figure into? 

 

A) 98 B) 49 C) 48 D) different answer  

Problem 11. Determine all integers A, such that       =   ̅̅ ̅̅  and the two-digit number   ̅̅ ̅̅  can 

be presented as the product of two consecutive odd numbers? 

Problem 12. The water content in 5 kg of fresh mushrooms is 90%. After drying the mushrooms, 

the water content is now 20% of their weight. How many grams do the dried mushrooms weigh? 

Problem 13. In a particular year there are three consecutive months with 4 Sundays in each. 

What are the possible sums of the numbers of days in those three consecutive months? 

Problem 14. Let us have a look at the following pairs of numbers:  

(    ) (      )   (      ) (   ). 

Find n, if the sum of the digits of the numbers of each pair is 11. 

Problem 15. An isosceles triangle with a leg of 2 cm and a square with a side of 1 cm have equal 

areas. How many degrees is the smallest angle of the triangle? 

Problem 16. If N is an integer, how many are the possible remainders when dividing    by 5? 

Problem 17. After having covered   
 

 
  of my journey, plus another 200 m, I have yet to go 

another 50 m less than the distance I have already covered. How many km is the length of my 

journey? 

Problem 18. In 1808, the German mathematician Carl Gauss introduced the indication    . 

He used it to denote the greatest integer that is not greater than  .  

Calculate the value of the expression [
[ 

    

 
]

 
]  [

    

  
]. 

Problem 19. Five weavers weave 10 rugs in 3 days. How many rugs would 3 weavers weave in 

7 days?  

Problem 20. The average of every 3 of 4 numbers are the numbers 9, 12, 21 and 21. Find the 

average of the four numbers. 

 

 



ANSWERS AND SHORT SOLUTIONS 

 

Problem Answer Solution 

1 A 

100 = ( 100)  (  )  (  )   (  )  (  )⏟                    
  

 ⇒  

the sum we are looking for is ( 199) 

2 С 
The digit triplets are 910, 192, 282, 829, 373, 738 , 464, 647, 555, 556, 646, 

465, 737, 374, 828, 283, 919, 192 .The third digit is most often 2. 

3 D 

  ̅̅ ̅    ̅̅ ̅                        (   )  

         ⇒        

⇒   ̅̅ ̅    ̅̅ ̅      

4 С 

                              , therefore it is not hard to conclude 

that the remainders are among the numbers 0, 2, 4, 6, 8 and 10. It is not 

possible for the remainder to be 0 or 6, because 3 can not divide          

It is not possible for the remainder to be 2, because 4 divides         but can 

not divide 12   quotient + 2. 

There are two possibilities left: 4 or 8.  

The remainder is 4, because only          is divisible by 3, but          

is not divisible by 3. 

5 D 

       (      )  (       )  therefore             

                                 

(        )  (        )  (      )   

=(      )  (      ) 

6 В 

Each composite integer that is smaller than 50 is divisible by one of the prime 

numbers 2, 3, 5 and 7. 

Therefore according to the principle of Dirichlet, it would be enough to 

choose 5 numbers in order to be sure that among them there would be two 

which have a common divisor greater than 1. 

7 D 
 (  (  )   )(  (  )   )   (  (  )   )     ⇒  

    (   )       ⇒     

8 A 
 (  (  )   )(  (  )   )   (  (  )   )     ⇒  

    (   )       ⇒     

9 A 
                      (                  )

   
  



 
                       

   
  

 
                   

    
   

10 C 

Let us paint the board using a chess pattern. The squares which have been cut 

out are of the same color, and each of the rectangles 1 2 covers both colors. 

In this case it would not be possible to get 49 rectangles. However it is 

possible to get 48. 

(Two of the squares can not be used to form a rectangle – the ones adjacent to 

the squares which have been cut out) 

11 2 

Out of the perfect squares 16, 25, 36, 49, 64 and 81, only 36 satisfies the 

initial condition: 63 can be presented as the product of two consecutive odd 

numbers. 

In this case the number A can either be 6 or -6. 

12 625 

Let us denote the weight of the mushrooms in kilograms using x. 

We can compare the weight of the “dry” material: 

  

   
   

  

   
   ⇒        . 

13 89 or 90 

The possibilities are: 

31+28+31=90 или 31+29+31=91; 

28+31+30=89; 29 + 31 + 30=90. 

31+30+31=92; 

30+31+30=91; 

31+30+31=92; 

30+31+31=92; 

31+31+30=92; 

31+30+31=92;  

30+31+30=91;  

31+30+31=92. 

Between 12 Sundays there are 12 + 11   6 = 78 days; 

Therefore from the sums we will have the following options left: 

12 days or 13 days; 11 or 12; 14; 13; 14; 14; 14; 14; 13; 14. 

February is definitely among those months. 

The possibilities are: 

31+28+31=90; 28+31+30=89; 29 + 31 + 30=90. 



14 28 

The numbers smaller than 28 do not satisfy the condition of the problem. For 

example,       is not possible, one of the groups will have the numbers 19 

and 9, and in this case the sum of the digits would be 19. 

The numbers greater than 29 do not satisfy the condition of the problem 

either, because there will be a group that has the number 29 and the number 

    . However the sum of the digits of the number      is a number 

greater than 0. In this case in the group of numbers (       ) the sum of 

the digits would be greater than 11. 

15 15 or 30 

If the triangle has an acute angle between its legs, then it would be    . In 

this case, the smallest angle would be     - that would be the angle between 

the legs. 

If the triangle has an obtuse angle between its legs then it would be     . In 

this case, the smallest angle would be     – these would be the angles at the 

base. 

16 2 
The fourth power of any natural number has 0, 1, 5 or 6 as its digit of ones. In 

this case when divided by 5 the remainder would be either 0 or 1. 

17      

 

 
     

 

 
         ⇒                  

Let us denote my full journey with X m. In this case 
 

 
     

 

 
     

    ⇒                  

18      [
[ 

    
 

]

 
]  [

    

  
]                 

19 14 

1 weaver will weave 2 rugs in 3 days; 

3 weavers will weave 6 rugs in 3 days; 

3 weavers will weave 2 rugs in 1 day; 

3 weavers will weave 14 rugs in 7 days. 

20 15.75 
9+12+21+21=63   3=189 is the tripled sum of the 4 numbers. In this case the 

sum of the four numbers is 63. Their average is 15.75. 

 

 

 

 

 

 



TEAM COMPETITION – NESSEBAR, BULGARIA 

MATHEMATICAL RELAY RACE  

 

The answers to each problem are hidden behind the symbols @, #, &, § and * and are used in 

solving the following problem. Each team, consisting of three students of the same age group, 

must solve the problems in 45 minutes and then fill a common answer sheet. 

 

GROUP 7 

 

Problem 1. 
 

 
 is an irreducible fraction with natural numbers for a numerator and a denominator, 

such that 
 

 
   and          The number of all such fractions is @. Find @. 

Problem 2. The number @ has shown up on a computer screen. After each hour that passes, the 

number gets replaced by the sum of the number and the product of its digits. Which number will 

show up on the screen after 2016 hours? Denote the answer using #. Find #. 

(If the number is 11, the number that shows up on the screen after the first hour will be equal to  

11 + 1   1 = 12, then the number that shows up on the screen after the second hour will be 

equal to  

12 + 1   2 = 14, ....) 

Problem 3. Two squares have sides that are measured in integer centimeters. The sum of the 

areas of the squares is (# + 68)    . The greatest possible perimeter of the figure is & cm.  

Find &. 

 

Problem 4. The product of & consecutive two-digit numbers is divisible by    . The smallest 

number in this product is §. Find §. 

Problem 5. The perimeter of a triangle is § cm. The number of triangles with sides measured as 

integers in centimeters that have this perimeter is *. Find *. 

 

 



ANSWERS AND SHORT SOLUTIONS 

 

Problem Answer Solution 

1 @ = 24 

 

The numerator a can be any integer from 1 to 52. In order for the fraction 

to be irreducible, we must eliminate all of the possible numerators that are 

divisible by 3, 5 and 7 (the prime divisors of 105). 

The numbers divisible by 3 are 17. 

The numbers divisible by 5 are 10. 

The numbers divisible by 7 are 7. 

The numbers divisible by 3, and by 5, are 3. 

The numbers divisible by 3, and by 7, are 2. 

The number divisible by 5, and by 7, is 1. 

Therefore the numbers that are divisible either by 3, or by 5, or by 7, are 17 

+ 10 + 7 – (3 + 2 + 1) = 28. 

The irreducible fractions are 52 – 28 = 24.   

 

2 # = 170 

 

The numbers that will show up on the screen are: 

24; 24 + 2   4 = 32; 32 + 3   2 = 38; 38 + 3   8 = 72;  

72 + 2   7 = 86; 86 + 8   6 = 134; 134 + 1   3   4 = 146; 146 + 1   4   6 

= 170; 170 + 1   7   0 = 170; 170; 170; ... 

 

3 & = 58 

 

If the lengths x and y are the lengths of the sides of the squares, the 

perimeter of the figure is 4x + 2y, x > y. 

                  

Then the possible perimeters are 4  13 + 2   1 = 54 and 4  11 + 2   7 = 

58. 

 

  



4 § = 18 

 

The product of the numbers from 1 to 67 contains 

[
  

 
]  [

  

  ]          numbers 5 when factorized as a product of 

simple multipliers. 

The product of the numbers from 1 to 9 contains 

[
 

 
]  [

 

  ]        number 5 when factorized as a product of simple 

multipliers. 

In this case the product of the numbers from 10 to 67 contains 15 - 1 = 14 

numbers 5 when factorized as a product of simple multipliers. 

10 11 .... 66 67 contains 14 multipliers 5; 

11 12 …. 67 68 contains 13 multipliers 5; 

12 13 …. 68 69 contains 13 multipliers 5; 

13 14 .... 69 70 contains 14 multipliers 5; 

14 15 .... 70 71 contains 14 multipliers 5; 

15 16 .... 71 72 contains 14 multipliers 5; 

16 17 …. 72 73 contains 13 multipliers 5; 

17 18 …. 73 74 contains 13 multipliers 5; 

18 19 .... 74 75 contains 15 multipliers 5. 

The smallest number we are looking for is 18. 

 

5 * = 6 

 

Let the sides be denoted as a, b and c and let      . In this case 

        ⇒      

From the inequality of the sides of the triangle      ⇒       

  ⇒      we can find the possible values of c: 6 cm, 7 cm and 8 cm. 

If       ⇒          . 

If       ⇒                              . 

If       ⇒                                        

       . 

The number of triangles we are looking for is 6. 

 

 

 


